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NON-ITERATIVE CONSTRAINT DYNAMICS
USING VELOCITY-EXPLICIT VERLET
METHODS

JOSEPH T. SLUSHER and PETER T. CUMMINGS

Department of Chemical Engineering, University of Tennessee 419 Dougherty
Engineering Bldg., Knoxville, TN 37996—2200 and Chemical Technology
Division, Oak Ridge National Laboratory, Oak Ridge, TN 37831—-6268

( Received February 1996; accepted June 1996 )

We describe non-iterative constraint dynamics algorithms for molecular simulation based on the
velocity and Beeman [1, 3] forms of the Verlet algorithm. The methods are easily adapted for
constant temperature molecular dynamics, and because they are non-iterative, should prove
useful for large-scale simulations on parallel computers. Test simulations of liquid butane, water,
and nitrogen are used to verify the accuracy, stability, and practical utility of the methods.

Keywords: Molecular dynamics simulation; constraint dynamics

1. INTRODUCTION

The implementation of holonomic constraints in molecular dynamics (MD)
simulations has proven to be an effective method for simulating complex
molecules. In the interest of facilitating efficient MD computations, constraint
dynamics allows one to avoid following relatively fast internal motions, such
as bond length vibrations, when these can be considered irrelevant to the
properties under investigation. Although a number of numerical methods for
determining the constraint forces have been presented, probably the most
widely used are iterative algorithms known as SHAKE [4] and RATTLE
[5]. By treating each constraint in succession and avoiding matrix inversion,
these approaches have often been seen as being particularly attractive for
molecules having a large number of constraints. Recent improvements to the
convergence of the SHAKE algorithm have been reported which yield up to
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two-fold improvement over the original formulation [6]. These authors
have also shown that special techniques for solving sparse matrices, ap-
plied to the so-called “matrix method” from which SHAKE is derived, can
yield significant improvements over SHAKE, even when a large number of
constraints are present. When implemented on parallel computer architec-
tures, however, the iterative nature of the above methods can give rise to
difficulties with load balancing as well as vectorisation and parallelization.
To avoid these problems, a non-iterative method would therefore be high-
ly advantageous (for a more thorough discussion see references [7] and
[8]).

Two basic approaches have been taken in deriving non-iterative for con-
strained molecular dynamics. These begin with the use of undetermined
multipliers 4, to express the constrained equations of motion as

n(x)

1
p,=F,=F'+F¢ Fig:E 2 A Ve X (1)

ia
n=1

where p,, and F,, denote momenta of and force on site a of molecule i, N
and C denote non-bonded and constraint forces, respectively, and n(x) is the
number of constraints involving site a. The distance constraints are of the
form

O =rit)—d:=0, n=1,. .M (2)

where d, is the fixed bond length between sites « and f, and r,=r;—r,
where r, is the position of site y. Differentiating, we also have

1) =2, (1) E()=0 (3
and
¥,(t) = 2 ,(t)* + 2r ()i (t) = 0. 4)

By eliminating the accelerations in (4} using the equations of motion (1), one
can obtain a set of M linearly independent equations for the multipliers A(r).
This was the approach taken by Edberg, Evans, and Morriss (EEM) who
developed their non-iterative constraint method in light of Gauss’s principle
of least constraint [9]. A more formal development was presented by
de Leeuw et al., who began with the constrained Lagrangian equations of
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motion and, using (4) arrived at a similar method for solving for the forces
of constraint [10]. They went further to derive Hamiltonian constrained
equations of motion, and, using Equation (3) an alternative set of equations
for the Lagrange multipliers.

The above prescriptions enable one to solve for the Lagrange multi-
pliers exactly and straightforwardly. On the other hand, because they
utilize the differential forms of the constraint condition (3) and (4), in
which the constraint distances do not appear explicitly, they require that
error accumulation be corrected for periodically during the simulation
[9,10,11,12]. This complication led to the alternative approach taken by
Yoneya, Berendsen, and Hirasawa (YBH), {8] who sought to develop a
self-correcting non-iterative constraint method within the framework of
the Verlet and leap-frog algorithms. Examining a Taylor expansion of the
constraint condition,

Lt + 1)+ O(h%) = 1, (1) + h 1, () + (1/2)h% %,(t) ()

and noting that this equation is the same as that solved in the EEM method
but with additional terms to suppress error accumulation, they obtained the
following expression for y,(t + h) by using the Verlet algorithm in (2) and
neglecting terms non-linear in A:

Xn(t + h) = [2rn(t) - l'"(t - h)]Z — dﬁ + 2h2 [zrn(t) - rn(t - h)] :
i (t) + O(h*)=0. 6)

This equation 1s the same as that solved in the linearized first step of the
matrix method, so the above is equivalent to the matrix method if errors of
O(h*) in the constraint condition are neglected. A set of M linear equations
for 4,{t) are then obtained by inserting the equations of motion (1) in the
form of f,(t) into (6). They also used the leap-frog algorithim to obtain a
similar equation for y,(t + h); However in this case the resulting expression
is accurate only to O(h?). Whereas the error in the constraint condition can
only be affected by changing the time-step size, the main advantage of the
YBH approach compared to the earlier work is that correction for numeri-
cal drift is unnecessary. Both (6) and the analogous leap-frog expression
contain the constraint distances, and furthermore, when positions are up-
dated to t + h, they are satisfied at ¢ + 2h; Together these conditions lead to
a self-correcting algorithm.
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2. METHOD

With regard to numerical error accumulation, the YBH approach is attrac-
tive, but it is not entirely satisfactory for constant temperature simulations
due to the fact that either the velocities are not explicit in the algorithm
{Verlet), or are not available at the same time as the positions (leap-frog).
Intuitively, it should also be possible to arrive at an equation for y,{t+ h)
similar to the above based on a velocity-explicit form of the Verlet algo-
rithm such as the velocity Verlet method

2

r(t + h) = (1) + h¥(t) + %—f [r(t)] )

f(t+h)=f(l)+g[f[r(t)] + 1t + 111, (8)

where f = F/m and m is the mass. If we assume this can be implemented in a
constraint dynamics scheme, then the f[r(t)] calculated at the previous time
step will already include the correct constraint forces necessary to ensure
the position updates satisfy (2). The apparent problem arises in evaluating
(8) when we consider that in order to evaluate f[r(t + h)] such that r(t + 2h)
satisfy (2), we first need £t + h) before r(t + h) can be calculated. The sol-
ution to this problem in Andersen’s RATTLE algorithm is to use (3) to
obtain approximate values of the constraint forces which can be used in the
velocity updates [5]. With RATTLE, the constraint forces must be recal-
culated at the next time step, although Palmer recently showed that it is
possible to apply the velocity Verlet algorithm to constraint dynamics with
only one constraint force evaluation per time step, in a method similar to
SHAKE [13]. This is accomplished by rewriting r(t +2h) (and thus
7.t + 2h)) in terms of quantities that are available at time ¢, and using this
in (2), solving for the updated constraint forces which will then not only
allow the velocity update to t + h, but also ensure that r(t + 2h) satisfy (2).

YBH did not apply their method to the velocity Verlet algorithm because
of the apparent necessity of evaluating constraint forces twice per step.
However, by writing the position update (7) in terms of the previous velo-
city, we can avoid this problem. Substituting (8) into (7) we obtain

2

r(t+ h=r(t)+ ht(t—h)+ %’r‘,,(t — h)+ k7% (1) 9



19: 15 14 January 2011

Downl oaded At:

NON-ITERATIVE CONSTRAINT DYNAMICS 217

and using this in (2) yields an expression for y,(t + h) linear in A(r) that is
third-order accurate:

Xl + B) =r2(0)—d 2 + 2hr,(¢)E (t—h) + h*F2(t-h) +
R {x(8) + hi,(t—h)}-{2F,(1) + E (t—h)} + O(h*) =0 (10)

In the velocity Verlet algorithm, this equation can be applied immediately
after the position update and force evaluation, and in this way allows the
same constraint forces to be used in both the position and velocity updates.

Substituting the constrained equations of motion for f,(f) in (10) gives a
rank M matrix which can be solved using, e.g., routines from LAPACK
based on efficient machine-dependent BLAS routines [2]. For the simplest
case, a diatomic molecule with equations of motion

mr,=p, py=F—ir;, p,=F,+ir, a=12 (11)

substituting (11} into (10} yields the following expression for the unknown
Lagrange multiplier A:

At) = —[12, (1) — d2, + 2he, (16, ,(t—h) + E2,(t~h) +
h2{x, (1) + hE, (= R)}-{F | ,(t—h) +
2F 1 5(011/20° 57 (0 (X 5(8) + B (e~ h)} (12)
where F}, = F,/m,~F,/m, and p,, = l/m, + 1/m,.

We can follow the same procedure to obtain a non-iterative matrix
method based on the Beeman variant of the Verlet algorithm [3]

Xz + h) = K(t) + hi(t) + -i—hzf[r(t)]— éhzf[r(t~h)] (13)

F(t +h) =1(t) + %hf [x(t +h)+ ghf [r(t)]—éhf [r(z—h)]. (14)

and we obtain

Xalt + B) =12() — d2 + 2hr (0)F,(t — h) + h?F2(t — h) +

R {r (1) + BE (¢ — B)}-{2F,(1) + gf,,(z —h)— %iﬁ,{t — 2B} + 0¥ =0. (15)
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Substituting Taylor expansions for the terms at ¢ —k and r— 2h, and ne-
glecting terms containing f,(t), which are not considered in the algorithm,
all three equations for y,(t + h) (6), (10) and (15) are equivalent to (5) ex-
panded to one more term. Furthermore, since the Verlet, velocity Verlet,
and Beeman algorithms differ only in the velocity estimator, we can expect
all three constraint methods to generate identical trajectories.

3. TEST SIMULATIONS

We performed NVE and NVT simulations of both rigid and flexible mol-
ecules in order to test the algorithms for relatively simple systems. For
butane the model of Ryckaert and Bellemans [15] was used, which con-
straints both the bond lengths and bond angles, giving a total of 5 con-
straints. For the simulation of N, we used the model of Cheung and
Powles [16]. Test simulations of SPC/E water [18] were run in order to
evaluate the algorithm in a practical case where long-ranged forces are
involved and the molecule contains disparate site masses. All simulations
were performed at liquid state conditions, with spherical cutoff at L/2 (L
being the length of the side of the simulation cube), and without long-
range correction for the Lennard-Jones interactions. The water simula-
tions were run at near ambient conditions using Ewald summation to
handle the long-range electrostatic interactions, with the Ewald parameter
[14] k = 6.0/L, real-space truncation at L/2, and a maximum lattice vector
length of 5L. Additional simulation details for the above are given in
Tables I and II, and the matrix equations solved for water and butane are
given in the appendix.

The NVT simulations were carried out using the Nosé-Hoover ap-
proach based on an atomic thermostat, i.e., the momentum equations

TABLEI Summary of Constraint Errors for Water, Butane, and N,

subst. ensbl. N dme(ps) h{fs) T(K) plglem®) (> ™ x2

max

water NVE 108 10 10 286.0 0997 22x107° 50x107° 28x 107!
water NVT 108 10 1.0 300.6 0997 23x1075 12x107% 1.6x1071°
butane NVE 32 100 20 316.8 0583 38x1077 68x1077 20x1071°
butane NVT 32 100 20 291.6 0583 98x 1077 SOx107% 1.1x10°13

N,
N,

NVE 108 30 23 70.5 0828 41x1077 80x107° 53x10°13
NVT 108 30 23 71.6 0828 36x1077 1.1x107°% 1.0x107!2

Units of A,
*dimensionless with respect to o.
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TABLE Il Total and Configurational Energies for Water and Butane

subst.  ensemble. N time(ps) h(fs) T(K) plg/em®) E—E)?>'? UYK.J/mol)

water NVE 108 10 1.6 2860 0997 0.04 —420
water NVT 108 10 1.0 3006 0997 - —41.0(—41.1)
butane =~ NVE 108 10 20 2942 0583 0.003 —184
butane  NVT 32 100 20 2916 0583 - —13.0(—13.7r

“dimensionless with respect to e.
bref. [19]
‘ref. [9], N =27

become
piaz = Fia - ipia’ (16)

where ¢ is a thermostating variable that changes with time according to

(17]

é:@(?ﬂ— 1), (17)

with T, being the set-point temperature, T(t) the instantaneous tempera-
ture based on the momenta of all sites, and v the thermostating rate set
equal to 1000.

In order to check the actual order of the methods for bond constraint
errors, the root mean squared (RMS) error of y (averaged over all con-
straints for 100 time-steps) was calculated as a function of the time-step h.
The results in Figure 1 confirm that both the velocity Verlet-based algo-
rithm and Beeman-based algorithms conserve y with errors proportional
to h*. These results are comparable with those of YBH for butane using
the Verlet- and leap-frog-based constraint methods, also shown in the
figure. Although the error in y for the water simulations was O(h?)
(slope =4.27), the magnitude of the errors is greater compared to the
butane and N, results, reflecting the relative stiffness of the equations for
the water simulations. In Table I we present the simulation details for
longer runs using typical time-step sizes. These results show that the effect
of the thermostat, in most cases, is to slightly increase the RMS bond
length errors. However, this effect is not large and the maximum con-
straint errors are of the same order as typically used in SHAKE [8]. When
non-dimensionalized with respect to the Lennard-Jones size parameter o,
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FIGURE 1 Varnation in root mean squared constraint error with time-step size. (o), butane
results with Beeman-based method; ([J), SPC/E water results with Beeman-based method; (A),
N, using velocity-Verlet. Included for comparison are the YBH results for butane using the
Verlet-based (@), and leap-frog-based method {A).

the maximum constraint errors are smaller than the tolerances used by
EEM [9].

The validity of the methods can be further assessed by checking the
conservation of total energy and through comparison of thermodynamic
properties such as the configurational energy with literature values. For the
water and butane simulations using the Beeman method, the RMS %
energy fluctuations were acceptably low: <0.1% and <0.02% for water and
butane, respectively. The simulation details are given in Table 1I, where we
present results for two NVT simulations of water and butane with setpoint
temperatures of 300.6 and 291 K corresponding to state points at which
literature results are available. The calculated configurational energies for
these simulations agree well with published values at the same state points.

Although the above results suggest that the algorithms are sufficiently
accurate compared to other constraint methods, they do not of themselves
constitute a proof that the dynamics are correct. One way to check this is to
compare dynamical results from simulations of diatomic molecules, for which
the constraint forces can be determined “exactly”, with those obtained using
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FIGURE2 Comparison of reorientation autocorrelation for N, using “exact” constraint
algorithm (-) with the velocity-Verlet-based non-iterative constraint method (---). The simula-
tions were run at constant NVE for 460 ps, with p = 0.828 g/cm3, T=70.3 K.

the above algorithms. In Figure 2 we show a plot of a reorientational correla-
tion function, defined as {r,(0)-r,(t)>, for model liquid N,. From this we see
that the dynamical results using, in this case the velocity Verlet-based
method, are nearly indistinguishable from those of the exact algorithm.

4. CONCLUSIONS

In this work, we have extended the YHB algorithms for non-iterative
constrained molecular dynamics to include the velocity explicit Verlet
algorithms. Like the Verlet- and leap-frog-based methods, these are self-
correcting and in addition, allow for a more satisfactory treatment of the
velocities. They are easily adapted for isothermal simulations through the use
of, e.g., a Nosé-Hoover thermostat without significantly affecting the bond
constraint errors. We found the methods to be both accurate and stable
during test simulations of N,, butane, and SPC/E water. Due to their non-
iterative nature, they should be more suited for large-scale simulations on
parallel computers. Although we do not report precise timings of the code,
the algorithms presented are of comparable speed to the Verlet- and
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leap-frog-based methods, in which the constraint portion of the code was about
5 times faster than SHAKE for test simulations of small molecules [8].
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6. APPENDIX

In solving AA=b for the Lagrange multipliers A(¢), only the vector b differs
between the velocity Verlet- and Beeman-based methods. For water we
have 3 constraints applied between sites | and 2, 1 and 3, and 2 and 3.
Numbering these consecutively and denoting r,,(t) as ry, etc., gives

- r,g g,
. 281 3’81
g, —
m, m,
g ryg
1’82 38>
A = ”ZrZ.gZ >
m s
rg ng
183 283 .
——— T H3I3'8;
i m, my ]

where g, =1, + £, (t — h).
For butane, with constraints 1-5 between sites 1 and 2, 1 and 3, 2 and 3,
2 and 4, and 3 and 4 we have

- ;g Ty8 =
Ty gy 0 e T 0
m, m,
g ;g I8
— WX, — 0 -
my my iy
r'gs 83 Ty 8s I 83
A= ——= Hal3'83 — I
m; my m, my
g4 LER Is'84
—_ 0 ——  UaTy 84
m, m, my
I8s Iy'8s Iy 8s
0 - - Hsls 8s
- my my 4 -

The elements of the vector b are, for the velocity Verlet method,

1
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+ 2, + hiy(t — B} {2F, + Bt — h)}]

and for the Beeman method

1
by = =538 — 47 + 2 6,0 — )+ WP~ B)+ 12 {1+ héy (o — )

4 1
(2, + 300 — ) — 35, 201

Note that the above expressions contain quantities which are unknown at
the start of the simulation, i.e. at t — h and t — 2h. In practice, these can be
set to zero at startup until they have been accumulated.
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